Mechanics of Quantum-Dot
Self-Organization by Epitaxial
Growth on Small Areas

Energetic arguments are used to understand the mechanics of Stranski—Krastanow epi-
taxial systems constrained to grow on a finite area of a substrate. Examples include
selective area epitaxy and growth on patterned substrate features as raised mesa and
etched pits. Accounting only for strain energy, (isotropic) surface energy, wetting layer
potential energy, and geometric constraints, a rich behavior is obtained, whereby equi-
librium configurations consist of a single island, multiple islands, or no islands, depend-
ing on the size of the growth area. It is shown that island formation is completely
suppressed in the case of growth on a sufficiently small area. These behaviors are in stark
contrast to growth on an indefinitely large area, where the same model suggests that the
minimum free energy configuration of systems beyond the wetting layer transition thick-
ness is a single island atop a wetting layer. The constraint of growing on a finite area can
suppress island coarsening and produce minimum energy configurations with multiple
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self-organized islands of uniform size and shape. [DOI: 10.1115/1.4000903]

1 Introduction

The Stranski—Krastanow mode of epitaxial growth has been
heavily studied over the past 20 yrs. with the goal of self-
assembling nanostructures for electronic and optoelectronic appli-
cations. In this mode of growth, islands spontaneously assemble
atop an initial wetting layer that covers the substrate. Islands can
act as domains for quantum confinement (quantum dots), and if
properly arranged, configurations of islands may serve as the
building blocks for devices with exceptional characteristics. While
the mechanics of island formation is well-known [1,2], the prob-
lem of self-organizing islands into regular patterns has been a
challenge. One method of achieving self-organization that has
shown promise is selective area epitaxy.

In selective area epitaxy, deposition of film material is isolated
to certain areas of the substrate. This can be done by patterning
features in a deposited mask [3-5] or by mechanically affixing a
nanostencil to the substrate [6]. Both methods expose only the
areas of the substrate, where deposition is to occur. Furthermore,
mass transport is constrained to occur primarily within these ar-
eas. One can also confine mass transport to certain areas by de-
positing onto a topographical patterned substrate. For example
there is a substantial activation barrier for material to diffuse from
the top of a raised mesa [7] or out of a pit [8] etched into the
substrate surface. Hence growth on patterned substrate features
can be expected to have similar features to selective area epitaxy.

Growth on a confined area has been shown to be fundamentally
different than growth on large unpatterned substrates. A key fea-
ture is that the number of islands that form can apparently be
controlled by varying the size of the growth area [7,4,8]. The
trend is that smaller areas tend to support fewer islands; however,
this alone would not be important. The important feature is that
the multiple island configurations that arise are often regularly
arranged and exhibit uniform size and shape [7,8]. This implies a
strong resistance to island coarsening, which is not observed in
growth on unpatterned substrates. Resistance to coarsening and
the corresponding ability to achieve regular and predictable arrays
of islands is critical for the advancement of this technology. It is
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interesting to note that coarsening is also inhibited in a two-phase
epitaxial monolayer, wherein the morphology is constrained to a
plane. In the present case the morphology is three-dimensional
and the constraint is lateral [9,10]. While the two systems are
different, it is apparent that morphological constraints play impor-
tant roles in coarsening.

Several theoretical and computational investigations have been
done very recently to understand the mechanisms by which is-
lands self-organize on patterned substrates [11-15]. All of these
investigations focus on substrate topography as the driving force
for organization, and no one has asked the basic question of
whether or not the constraint of growing on a finite area has a role
in organization. This question applies to growth within an open
window of a mask, but also to cases of growth on raised mesas
and within pits etched into the substrate surface. The goal of this
work is to limit attention to the areal constraint and determine if
that alone can provide an explanation for apparently stable con-
figurations of multiple islands.

2 Model

There are three essential ingredients to the mechanics of island
formation in Stranski—Krastanow systems. The first is the strain
energy associated with a lattice mismatch between the deposited
material and substrate. The strain energy of an island configura-
tion is generally lower than an equivalent flat film configuration,
and hence, strain energy drives island formation. On the other
hand, surface energy (assumed isotropic) is minimum for the flat
film configuration, and therefore, competes with the driving force
for island formation. For an island of a given volume the relative
magnitude of surface energy to strain energy determines the
height to width aspect ratio of the island. High strain and low
surface energies lead to a high aspect ratio, while low strain and
high surface energies lead to a low aspect ratio. During Stranski—
Krastanow growth, the first few monolayers of deposited material
form a wetting layer on the substrate, and hence, a third ingredient
is needed to inhibit island formation during the early stages of
growth. This is typically introduced in the form of a wetting layer
potential that penalizes roughness formation at locations where
film thickness is small [1,16,17,15]. In terms of energy, the wet-
ting layer potential is characterized by an additional film surface
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energy that depends on the local thickness of the film. The addi-
tional energy becomes large as thickness tends to zero and decays
monotonically with increasing thickness.

The wetting layer is taken to be of uniform thickness H. For
simplicity an island is considered to be axisymmetric with its
shape characterized by its radial size R and aspect ratio a
=h(0)/R, such that the height of the island above the wetting layer
is given by

aR r r mr

h(r)=7<1—1?)[4+(4+ #)P]coﬁ(i) (1)
where r is the radial position. The height function A(r) is chosen
such that the island meets the wetting layer with zero slope, as is
typical of islands with isotropic surface energy [1]. Furthermore,
in order to limit the parameter space, curvatures at r=0 and r
=R are taken to vanish. According to Eq. (1), the volume of an
island is given by

V,=1.18344aR’ (2)

The strain energy is calculated semi-analytically under the as-
sumption of isotropic linear elasticity, where the island, wetting
layer, and substrate are assumed to have the same elastic con-
stants. The substrate is taken to be a half-space. It is noted that
while islands are constrained to form on a finite area determined
by an open window in a mask, the mask is assumed to have
negligible stiffness and can therefore be neglected in the elastic
boundary value problem. The film surface is traction-free and,
relative to the substrate, the film material supports a homogeneous
transformation strain €y, which accounts for the lattice mismatch.
An approximation is made for small values of the aspect ratio. A
first-order approximation is found to miss necessary features, and
therefore, a second-order approximation is obtained following the
method outline elsewhere [18,11]. In the case of no wetting layer
(H=0), the total strain energy of a single island system is

U=V,Me| 1-1.67425(1 + v)a

3.04705(1 + v)(0.87879 — v)(2.01847 + v)
+

1-v

al 3

where M=2G(1+v)/(1-v) is the film modulus, v is Poisson’s
ratio, and G is shear modulus. In Eq. (3), the first term in the
square bracket is due solely to the mismatch strain, while the
second and third terms are the first and second-order corrections
of the energy associated with the island geometry, respectively.
The raised nature of an island allows for relaxation of a portion of
the mismatch strain, thereby reducing the strain energy of the
island relative to an equivalent flat film. Note that the first-order
correction (second term) is negative definite for all physically
meaningful values of v (in the range of —1 <wv=(1/2)), while the
second-order correction (third term) is positive definite. This in-
dicates that the driving force for an island to increase in aspect
ratio decreases with increasing aspect ratio, which is missed by
the first-order approximation.

The addition of a wetting layer of thickness H over area A of
the substrate adds strain energy

U,=AHME; 4)

to the system. In order to limit the parameter space of this inves-
tigation, the energies associated with the wetting layer boundary,
where it meets the mask, are omitted. A typical wetting layer is
only a few monolayers in thickness. Hence the boundary should
be treated as an atomic scale step rather than a continuum level
boundary [18,19]. Energies associated with the boundary include
the partial relaxation of mismatch strain near the boundary and a
step edge excess energy. Both of these energies require additional
constitutive parameters, and to avoid obfuscating the basic result
with additional parameters, it is assumed that these energies offset
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each other; in other words, it is assumed that the energy reduction
due to strain relaxation equals the increase associated with step
edge excess energy. Detailed consideration for these energies may
have significant effect, depending on the specific material system,
and should be addressed in future work.

The surface energy per unit area of the film surface is taken to
be a constant . In the case of a flat film of area A, the total film
surface energy is

Fo=~A (5)
Introduction of an island adds surface energy
I',=3.078424*R*y (6)

which is an approximation for small values of a, consistent with
Eq. (3). This energy is positive definite, and therefore, acts as a
penalty against the formation of islands. One should note that it
represents the first-order effect of the island shape, similar to the
second term in Eq. (3); both scale as a?, considering that V; in Eq.
(3) scales with a. The second-order correction to Eq. (6) vanishes.

The wetting layer potential energy acts to modify the surface
energy such that the penalty against island formation is increased
for relatively thin films, where the notion of “thin” is defined by a
material length parameter /. The potential energy for a flat film of
area A and thickness H is modeled as

rWO = ‘}/wAe_H/l (7)

where v, is an energy per unit area. This term effectively in-
creases surface energy by the amount of v, for H=0 and decays
as H becomes large compared with /. An island adds energy

r,,=- ’)/W7TR2€_H/] " f Vo o~ HH)I g (8)
N

to the total wetting later potential energy, where S; denotes the
surface of the island. Equation (8) replaces the energy associated
with the island’s footprint (first term) by that of the island’s sur-
face (second term). Maintaining the current second-order approxi-
mation in the aspect ratio, Eq. (8) can be written as

I,,=v,mR*'f(a,aR/l) 9)

where

R
1
fla,aR/l) = Ef e M2 4 b (1) rdr -1 (10)
0

is a dimensionless function of dimensionless variables a and aR/!.
It is noted that the exponential in Eq. (10) is not approximated
because the exponent —h(r)/ [ scales as aR/l and the ratio I/ R may
be similar to or even smaller than a.

The total free energy of a system with n islands is given by

F=nU;+T;+T,)+U,+Ty+T, + U} (11)

where Uj; is added to account for the elastic interaction energy
between islands. A general semi-analytical result for the second-
order approximation of Uy, is difficult to obtain. Therefore, the
system is first studied in general with the interaction energy ne-
glected, and later, a specific case is considered to weigh the effect
of the interaction energy.

3 Analysis

In the case of an unbounded deposition area (A — ), the model
described in Sec. 2 predicts that a single island configuration is
always lower in free energy than an equivalent system with more
than one island. The current understanding is that additional phys-
ics, such as faceting, is needed to stabilize a multiple island con-
figuration [20,16]. However, it is demonstrated here that con-
straining deposition to a finite area might also stabilize a multiple
number of islands.
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Fig. 1 Plot of the minimum energy configuration as a function
of window size and nominal film thickness for the case »=0.3,
1=0.1, and v,,=0.5. The elastic interaction energy between is-
lands is neglected.

For square windows of area A, minimum energy configurations
are calculated for a given volume of deposited material. As the
purpose of this article is only to introduce the idea that window
size affects the minimum energy configuration, attention is limited
to one-island and four-island configurations because these are ex-
pected to be the most prominent. In the four-island case, the is-
lands are assumed to be of the same size and shape and are lo-
cated at the corners of the square window. The total volume of
material deposited in the window is given by

Vy=nV,+AH =AH, (12)

where n is the number of islands, V; is the volume an island (Eq.
(2)), and H is the wetting layer thickness. It is convenient to
represent the deposited volume in terms of the nominal film thick-
ness Hy,, which is the thickness of a flat film of the same volume.

For a given area A and nominal thickness H,,, the configuration
is defined by the number of islands (1 or 4), aspect ratio a, foot-
print radius R of the island(s), and wetting layer thickness H. In
addition to these geometrical variables, the system is determined
by the material constants €,, M, v, v, ¥, and [. The parameter
space is reduced considerably by rewriting energy in the dimen-
sionless form

- F  _ __ __ _
F=—=FHRn;AHyl%,.v 13
vy ( o ) (13)
where
Y
Le=— 14
‘" Me (14)

is the epitaxial length scale. The dimensionless energy is a func-

tion of the dimensionless configurational variables H=H/L,, R
=R/L,, and n, and a function of the dimensionless system con-
stants E:A/Lg, Hy=Hy/L,, I1=l/L,, %,=v,/v, and v. Certain
physical constraints must be imposed on the configuration. First,

the wetting layer thickness is bounded by 0=H =1, which ex-
cludes a negative thickness and provides that no more than the
entire volume is contained in the wetting layer. Additionally the
island footprint radius must be nonnegative and is also limited
such that the island(s) fit completely within the growth window;

therefore, 0=R=m,A"2, where m,=1/2 for n=1 (one island)
and m,=1/4 for n=4 (four islands).

4 Results and Discussion

Figure 1 plots minimum energy configuration versus nominal

film thickness Hy=Hy/L, and window size A'>=(A/L2)"? for a
typical Poisson’s ratio of »=0.3. The wetting constants were cho-

sen somewhat arbitrarily as I={/L,=0.1 and %,=1v,/y=0.5.
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Fig. 2 Plot of the wetting layer thickness and island aspect
ratio of the minimum energy configuration versus nominal film
thickness for the case of window size (A/L2)"2=1000 and the
same material constants as in Fig. 1

These constants might be determined empirically based on the
salient features in Fig. 1; however, expected order-of-magnitude
values are sufficient for the present discussion. Similar features

are observed for a wide range of values of / and %,,.

For a fixed window size, Fig. 1 displays the result of equilib-
rium film growth following an increase in the nominal thickness.
The initial deposition forms a wetting layer with no islands, as
typical of Stranski—Krastanow growth, and provided that the win-
dow size is large enough, greater than about (A/ Lg)”2=2.4, a
critical thickness is reached where islands first become energeti-
cally favorable. Over a wide range of window sizes, the critical
thickness is fairly uniform ranging between H,/L,=0.32 and 0.36.
Wetting parameters were not refined to provide physically reason-
able results; however, it is instructive to provide a physical esti-
mate of this thickness. Taking the film modulus M =180 GPa,
surface energy y=1 J/m?, and mismatch €,=4%, which are rea-
sonable values for Ge, Si, or a similar semiconductor material
system, the epitaxial length scale is calculated as L,=3.5 nm.
This implies a critical thickness for islanding in the range of H,
=1.12 nm-1.26 nm, which corresponds to a few monolayers of
growth. The thickness can be adjusted to match the experimental
values by altering the parameters / and y,,.

For a relatively large window size, the wetting layer thickness
maintains a fairly uniform thickness for subsequent growth after
the formation of an island. This is illustrated in Fig. 2, which the
plots wetting layer thickness H/L, versus deposition amount for a
window size of (A/L?)”z:lOOO. Up to about Hy/L,=0.35, no
islands are present and the wetting layer thickness increases lin-
early with the deposition thickness. After H,/L,=0.35, all subse-
quent deposition is collected into a single island. Additionally, a
modest amount of material in the wetting layer is also transferred
to the island, as the wetting layer thickness is shown to decrease
slightly with the deposition amount. Observe that for large win-
dows, as in Fig. 2, a single large island is always favored over
multiple smaller islands. Provided that a kinetic pathway exists,
many small islands will tend to coarsen into fewer larger islands
and ultimately into a single island. This context is the basis for the
current understanding of epitaxial systems. However, as apparent
in Fig. 1, growth on a window of finite size exhibits a much richer
behavior.

For relatively small window sizes, the critical thickness for is-
land formation is substantially increased beyond that of growth on
a large area. This corresponds to the anomalous critical thickness
for the onset of three-dimensional island nucleation observed re-
cently in the experiments of Cojocaru et al. [6]. In the extreme
case of a small window size, islanding is found to be suppressed.
For the range of nominal thicknesses plotted in Fig. 1, islanding is
completely suppressed for growth on windows less than
(A/L2)"2=2.4. For the physical example used previously, wherein
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L,=3.5 nm, this amounts to a square window with a side length
of 8.4 nm. Arguably, this is too small to claim quantitative accu-
racy, but qualitatively, one might expect windows smaller than a
critical size to inhibit island formation. To explain this, it is first
necessary to understand that an island of a given volume has a
preferred (minimum energy) shape that is roughly independent of
the wetting layer thickness. Neglecting the effect of the wetting
layer potential (Eq. (9)), the energy associated with an island is
given by F;=U;+I";. Using Eq. (2) and minimizing F; for fixed
island volume V; provides the equilibrium aspect ratio as the so-
lution to

1/3

%
3.66862a' = L#[ 1.67425(1 + v)

e

6.0941(1 + v)(0.87879 — v)(2.01847 + v) ]
1-v “
(15)

which is readily plotted by calculating V,” 3 L, for a range of a.
From the aspect ratio, the radius R is determined by Eq. (2). The
aspect ratio begins at a=0 for an island of infinitesimal volume
and then increases with increasing volume until it asymptotes to
the value a=0.2747(1-v)/(0.87879—-v)(2.01847+v) and grows
with a fixed aspect ratio, similar to the plot in Fig. 2. The island
radius, however, begins at a finite value for an island of infinitesi-
mal volume and grows monotonically with increasing volume.
For the case of »=0.3, an island of infinitesimal volume forms
with radius R/L,=~1.5935. This implies that when the side length
of the window is less than (A/ Lg)” 2=3.187, there is an energetic
penalty due to the constraint imposed on the island by the win-
dow; the island must form with a smaller radius and higher aspect
ratio than it would prefer in the absence of the constraint. As the
island grows in volume, the magnitude of this penalty increases.
Furthermore, the preferred radius of the island also increases so
that larger windows impose a radial constraint on larger islands.
Configuration (1') in Fig. 1 is used to denote an island that fills
the entire window and is therefore unable to expand radially. Con-
figuration (1) denotes the case of a single island that does not fill
the entire window.

The minimum energy shape of an island is determined from a
competition between the strain and surface energies. As an is-
land’s aspect ratio is increased beyond its preferred value, strain
energy decreases while surface energy increases, and the net result
is an increase in the total free energy. If the aspect ratio is suffi-
ciently larger than its preferred value, the surface energy penalty
can grow to a magnitude large enough for the free energy of the
island configuration to exceed that of a flat film. This occurs irre-
spective of the nature of the wetting layer potential. To illustrate,
consider an island that fills the entire window (radius R
=(1/2)A"?) and take the volume of the island to be AH|, such that
there is no wetting layer. Neglecting the wetting layer potential,
compare the free energy of this configuration to that of a flat
(wetting) layer of the same volume. Using the energies given in
Sec. 2, it is calculated that a flat layer has the lower energy for
windows sizes less than

3.10738
1+v

12.3029(0.87879 — 1)(2.01847 + v)H,
(l - V)Le

A|/2
L

e

(16)

The condition shown in Fig. 1 is less severe because the material
can be shared between the island and wetting layer. However,
taking »=0.3 and Hy—O0 suggests that windows of size
(A/L?)V><2.4 cannot support island formation, which is in agree-
ment with the apparent asymptote that bounds the flat wetting
layer configuration (w) and the single island configuration (1’) in
Fig. 1.
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Fig. 3 Plot of the geometry of the minimum energy configura-
tion versus window size at nominal film thickness H,/L.=0.5
and the same material constants as in Fig. 1. Geometry is rep-
resented in terms of the ratio of material volume in the island(s)
to the wetting layer nV,/ AH and island aspect ratio a.

More generally, the penalty associated with the radial constraint
on an island will cause the island to expel material to the wetting
layer before it completely disappears (or cannot form to begin
with). This is illustrated in Fig. 3, which plots the geometry of the
minimum energy configuration versus the window size for a fixed
nominal film thickness of Hy/L,=0.5. The solid line plots the
ratio of material volume in island(s) to that in the wetting layer.
The single island configuration (1’) and four-island configuration
(4") correspond to cases where the islands fill the entire window
and are therefore constrained from increasing further in radius.
For both of these configurations, the fraction of the material in the
wetting layer is shown to increase as the window size decreases.
The penalty associated with increasing the aspect ratio of an is-
land over its preferred level is moderated by a decrease in the
island volume and a corresponding increase in the wetting layer
thickness. This is in direct contrast to configurations (1) and (4),
wherein islands do not fill the entire window and are free to grow
radially in size. As window size is decreased for these configura-
tions, the fraction of material in the island(s) increases. This oc-
curs because the wetting layer thickness is approximately un-
changed as the window size decreases and the excess wetting
layer material (volume AAH, where AA is the change in the win-
dow area) is accommodated by the island(s). As the window area
decreases the islands grow in volume and in radius until they
reach the constraint imposed by the window. At that point, con-
figuration (1) becomes (1) and configuration (4) becomes (4').

Figure 4 also illustrates the penalty associated with the radial
constraint on an island, but in the context of material deposition
on a window of fixed size. The wetting layer grows linearly with
deposition thickness until configuration (4’) becomes the mini-

0.2

01 a

T 0.0
0.5 1.0

nominal thickness, H,/L,
Fig. 4 Plot of the wetting layer thickness and island aspect
ratio of the minimum energy configuration versus nominal film

thickness for the case of window size (A/L%)'2=20 and the
same material constants as in Fig. 1
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mum energy state. Subsequently configurations (1) and then (1”)
become the minimum energy state with further growth. Observe
that at Hy/L,=1 the wetting layer increases in thickness at almost
the same rate as configuration (w). This indicates that most of the
deposited material gathers in the wetting layer, which occurs to
offset the penalty of increasing the island’s aspect ratio. A similar
trend occurs toward the right side of (4’), while in the case of
configuration (1), all of the deposited materials and a portion of
the wetting layer material are accommodated by the island.

The fact that a four-island configuration can be of lower energy
than a single island configuration is the result of the competition
for material between the wetting layer and islands. Consider the
transformation that occurs at (A/L2)"?~53 in Fig. 3, from con-
figurations (1) to (4). Observe that at the point of this transforma-
tion, configuration (4) has more materials associated with the is-
lands than configuration (1). Hence, one cannot directly compare
the energies nor model the transformation without accounting for
the material in the wetting layer. However, assume that there is no
wetting layer and ignore the wetting layer potential; it is readily
shown from the energies of Sec. 2 that the free energy of four
islands is always larger than that of a single island of the same
total volume. It is also found that the energy per unit volume of an
(unconstrained) island tends to decrease as island volume in-
creases. Hence the relative increase in the free energy in the trans-
formation from a single island to four islands is moderated by an
increase in the total material volume in the islands. It is further
moderated by the wetting layer potential energy (Eq. (8)) associ-
ated with the islands. Consider, for example, an island shaped as a
flat disk, such that h(r)=hy, where hy is a constant. In this case,
Eq. (8) becomes

FWI == YWTrRze_H/I(l - e_ho/l) (17)
which acts to reduce the free energy by an amount proportional to
substrate area 7R” covered by the island. Since the substrate area
covered by the islands tends to be larger in the case of multiple
islands (consider a single hemispherical island versus four of the
same total volume), this term will typically favor multiple islands.
Additionally, the thickness of the wetting contributes to the ap-
pearance of multiple island configurations as a minimum energy
state. The elastic energy (Eq. (4)) of the wetting layer decreases
linearly as thickness decreases while the surface potential energy
(Eq. (7)) increases exponentially as thickness decreases. Provided
that the wetting layer is of sufficient thickness (compared with /),
the energy associated with the wetting layer will be dominated by
the elastic contribution and will decrease as the wetting layer
thickness decreases. This is found to be the case for the transfor-
mation in Fig. 3 at (A/L2)">~53. Both the reduction in the wet-
ting layer thickness and increase in the island material from con-
figurations (1) to (4) contribute to the transformation.

To further understand how a multiple island configuration can
more stable than a single island, consider the case of no areal
constraint. For an unconstrained system, the wetting layer com-
prises a substantial part of the total free energy, and hence, the
wetting layer thickness is determined independently of the islands,
which contribute a much smaller energy. The islands and wetting
layer do not compete for the material except perhaps at regions
very close to an island, where, in both simulations [21,16] and
experiments [22], the wetting layer has been observed to be thin-
ner; trenches form around an island’s perimeter. In the case of a
finite area, the island energy and wetting layer energy become
comparable; the islands are then able to compete more effectively
for the material. Considering the tendency of trench formation,
one would expect systems with a larger total perimeter of the
islands to have a lower nominal wetting layer thickness. This is
apparent in Fig. 4, as more material is in the islands of the four-
island configuration (4) than the one-island configuration (1). The
four-island configuration becomes favored over the single island
case because the total volume of the material in the islands is

Journal of Applied Mechanics

)
~
R w
T 08 -
¢ 1@
(2]
@ . 1" -
S 007 e
= w
£
8 04 -
€
o
c

0.2 . . .
1 10 100 1000

window size, (4/L})!2

Fig. 5 Plot of the minimum energy configuration as a function
of the window size and nominal film thickness for the case »
=0.3, /=0.1, and y,,=0.5, and with elastic interaction energy in-
cluded. Configuration (4) was not considered in the calculation.

significantly larger, which is only possible on a finite area. This
provides for a greater relaxation of the mismatch strain, and
hence, a lower total strain energy.

At this point it should be noted that the model adopts a rather
nonchalant continuum viewpoint of the wetting layer thickness,
whereas it would be more appropriate to admit only discrete thick-
nesses as integer multiples of a monolayer thickness. Further work
along these lines should certainly be pursued; however, the con-
tinuum assumption is not as severe as one might argue. On the
length scale of this model, there is in fact a continuous reservoir
for material in the form of adsorbed atoms (adatoms) atop the
wetting layer. If one were to alter this model to admit only dis-
crete wetting layer thicknesses, it would likely prove important to
include an adatom phase to account for a incomplete monolayer.
In this context, the current model simply adopts the same consti-
tutive behavior for the wetting layer and adatom phases. A more
general model can certainly be built to differentiate the two
phases.

Up to this point the elastic interaction energy between islands
has been neglected and its significance needs to be assessed.
Island-island interactions occur only in the case of multiple is-
lands, and therefore, only the four-island configurations need to be
reconsidered. The elastic interaction acts to increase the free en-
ergy, and therefore, the question remains if a four-island configu-
ration can actually be of lower energy than a single-island con-
figuration. An analytical expression for the interaction energy is
important to make the energy minimization analysis tractable.
Even with the current reduced parameter system, the interaction
energy depend on the volume of the islands, their aspect ratio, and
separation distance. Furthermore is it important to maintain the
same order of approximation to avoid extraneous behaviors. As
the goal is only to determine if the four-island configuration per-
sists as a minimum energy state, it is sufficient to limit attention to
the (4') configuration, where islands are in contact with each
other. In this case the energy depends only on the island volume
and aspect ratio. From the second-order approximation of the elas-
tic field (which is itself affected by the interaction between the
islands), the interaction energy between the two islands in contact
and of the same size and shape is calculated as

Uy =ViMe(1 + v)a[0.1027 - 0.2080(0.9337 + v)a]  (18)
Accounting for the nearest neighbor interactions, the total interac-

tion energy for the (4') configuration is approximated as U?;
=4U},. Including this result in the total free energy (Eq. (11)), Fig.
1, with configuration (4) omitted, is recalculated as Fig. 5. The
effect of the interaction energy is substantial for large window
sizes and large nominal thicknesses. The appearance of the (4')
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configuration is completely suppressed for (A/ Lg)” 2>26. Recall-
ing the example L,=3.5 nm, this corresponds to windows of side
length larger than 90 nm. Differences between Figs. 1 and 5 are
modest for window sizes less than about (A/L2)"?=20 mm or 70
nm using the example system. Additionally, the evolution of ge-
ometry for deposition on a window of size (A/ L§)1/2=20 is quite
similar to Fig. 4, to the extent that including the result would be
redundant. The main difference is that the (4')-(1) transition oc-
curs at approximately Hy/L,=0.42 rather than 0.45. As one might
suppose by visually extrapolating the curves in Fig. 4, the (4') to
(1) transformation occurs with a slight increase in the wetting
layer thickness and island aspect ratio when interaction energy is
included, rather than the opposite effect when it is omitted. How-
ever, details such as this likely depend more on the choice of
system parameters rather than island interactions. The important
observation is that the island interaction energy does not eliminate
the four-island configuration as a minimum energy state.

Finally, it is important to note that this analysis addresses mini-
mum energy configurations without consideration for whether or
not a particular transformation can occur. For a transformation to
occur, an activation energy may be needed and there must be a
viable kinetic pathway for it to follow. Observe that for certain
transformations in Figs. 2 and 4, the change in geometry is con-
tinuous or nearly continuous, whereas others occur as abrupt
changes. Nearly continuous changes such as the (w) to (1) trans-
formation in Fig. 2, and (w) to (4") and (1) to (1’) transformations
in Fig. 4 should occur with little or no activation barrier. Hence,
kinetics will likely have little effect on the these transformations,
provided that the deposition rate is sufficiently low. The transfor-
mation from (4") to (1) in Fig. 4, on the other hand, comes with a
substantial change in geometry. Not only must the wetting layer
thickness change, but four islands must spontaneously transform
into a single island. This might come with a substantial activation
barrier that would extend the prevalence of the (4') configuration
to much larger deposition amounts than predicted by the current
equilibrium analysis. The pathway by which the transformation
occurs would have to be determined in order to address this,
which is a subject for future work.

5 Conclusions

Simple energetic arguments suggest a rather rich behavior of
Stranski—Krastanow systems constrained to grow on a finite area
of a substrate. Accounting only for the strain, (isotropic) surface,
and wetting layer potential energies, it is found that the effect of a
finite area can cause a configuration with multiple islands to be
energetically favored over that of a single large island. This results
from a complex competition between the various energy contribu-
tions as discussed above; however, a key observation is that the
wetting layer may act as a source or sink of material for the
islands. It is insufficient to compare the energies of the islands
with the same total volume, as the ratio of the material in the
wetting layer to the material in the islands depends on the growth
area and also on the deposition amount. The analysis also suggests
that there is a critical area size below which no islands will form.

Several extensions to this work are warranted. First only one-
and four-island configurations were considered because they were
expected to be the predominant ones. Preliminary calculations
suggest that other configurations can occur as minimum energy
states and the full configuration phase diagram should be ob-
tained. Additionally the effect of the wetting layer boundary
should be addressed as discussed previously. This will introduce
additional constitutive parameters that may have significance, de-
pending on the particular material system. As also discussed pre-
viously, work should be done to depart from the model of a con-
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tinuously varying wetting layer thickness to one that considers
discrete monolayers with the addition of an adatom phase to serve
a continuous source and sink for material. Finally, kinetics is ex-
pected to play an important role in determining the configuration
resulting from deposition. Issues that need to be addressed include
the effect of deposition rate and possible activation barriers for
certain transformations.
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